We show that a family F of meromorphic functions in a domain D satisfying
Introduction and statement of results
According to Marty's theorem, a family F of meromorphic functions in a domain D ⊆ C is normal (in the sense of Montel) if and only if the family F # := f # : f ∈ F of the corresponding spherical derivatives is locally uniformly bounded in D; here, f # is defined by f # := |f ′ | 1+|f | 2 . In [4] we studied families of meromorphic functions whose spherical derivatives are bounded away from zero and proved the following counterpart to Marty's theorem.
Theorem A Let D ⊆ C be a domain and C > 0. Let F be a family of functions meromorphic in D such that f # (z) ≥ C for all z ∈ D and all f ∈ F .
Then F is normal in D.
Hence, the condition |f ′ | 1+|f | 2 (z) = f # (z) ≥ C can be considered as a differential inequality that constitutes normality. In [8] , [2] , [6] and [5] we studied more general differential inequalities, involving higher derivatives, with respect to the question whether they constitute normality or at least quasi-normality.
Before summarizing the main results from these studies, as far as they are relevant in the context of the present paper, we would like to remind the reader of the definition of quasi-normality and also to introduce some notations. A family F of meromorphic functions in a domain D ⊆ C is said to be quasi-normal if from each sequence {f n } n in F one can extract a subsequence which converges locally uniformly (with respect to the spherical metric) on D \ E where the set E (which may depend on {f n } n ) has no accumulation point in D. If the exceptional set E can always be chosen to have at most q elements, we say that F is quasi-normal of order at most q. Finally, F is said to be quasi-normal of (exact) order q if it is quasi-normal of order at most q, but not quasi-normal of order at most q − 1.
C.T. Chuang has extended the concept of quasi-normality by introducing the notion of Q m -normal families ( [3] , see also [9] ). A family F of meromorphic functions in a domain D is called Q m -normal if from each sequence in F one can extract a subsequence which converges locally uniformly (with respect to the spherical metric) on D \E where the set E satisfies E (m) ∩D = ∅; here E (1) = E ′ is the derived set of E, i.e. the set of its accumulation points, and
For z 0 ∈ C and r > 0, we set ∆(z 0 , r) := {z ∈ C : |z − z 0 | < r} and ∆ ′ (z 0 , r) := ∆(z 0 , r) \ {z 0 } . Furthermore, we denote the open unit disk by ∆ := ∆(0, 1). We write "f n =⇒ f on D" to indicate that the sequence {f n } n converges to f uniformly on compact subsets of D (w.r.t. the Euclidean metric). Now we can turn to the results on differential inequalities and quasinormality known so far. While [6] and [5] dealt with generalizations of Marty's theorem (more precisely with conditions of the form [2] the following extension of Theorem A was proved.
Theorem B [2]
Let α > 1 and C > 0 be real numbers and k ≥ 1 be an integer. Let F be a family of meromorphic functions in some domain D such that
Then F is normal.
This result doesn't hold any longer if α > 1 is replaced by α = 1 as the family z → nz k : n ∈ IN which is not normal at z = 0 demonstrates. However, at least for k = 1 condition (1.1) implies quasi-normality if α = 1, as shown in [8] .
Theorem C [8]
Let C > 0 be a real number and F be a family of meromorphic functions in some domain D such that
Then F is quasi-normal.
In the present paper we prove the following extension of Theorem B.
Theorem 1 Let k and j be integers with k > j ≥ 0 and C > 0, α > 1 be real numbers. Let F be a family of meromorphic functions in some domain
If all functions in F are holomorphic, F is quasi-normal of order at most j − 1. (For j = 0 and j = 1 this means that it is normal.)
To simplify notations, for an arbitrary family of holomorphic or meromorphic functions in a domain D, integers k > j ≥ 0 and a real number α ≥ 0 we define
Then Theorem 1 states that a family F of meromorphic functions is quasinormal if F k,j,α (where k > j ≥ 0, α > 1) is uniformly bounded away from zero. (Of course, since quasi-normality is a local property, it also suffices to assume that F k,j,α is locally uniformly bounded away from zero.)
We note that the "meromorphic case" (more precisely: the nonholomorphic case) of Theorem 1 deviates from the holomorphic case only if k ≥ α(j + 1) − 1. Indeed, if f is a meromorphic function in D satisfying (1.2) and if f has a pole of order p ≥ 1 at z 0 ∈ D, then f (j) has a pole of order p + j and f (k) has a pole of order p + k at z 0 . From (1.2) we see that
which implies k ≥ α(j + 1) − 1. In other words, if k < α(j + 1) − 1, the functions satisfying (1.2) cannot have any poles. Concerning the order of quasi-normality, Theorem 1 is sharp, both in the holomorphic and in the meromorphic case:
(1) For any given a ∈ C \ {0} there exists a C > 0 such that all functions f (z) := p(z) + e az , where p is an arbitrary polynomial of degree j − 1, satisfy (1.2) in the unit disk ∆. Since the class of polynomials of degree j − 1 is quasi-normal of order exactly j − 1 (Lemma 6), the order of quasi-normality of the class of holomorphic functions in ∆ satisfying (1.2) cannot be less than j − 1.
So in the holomorphic case Theorem 1 provides a differential inequality that separates between different orders of quasi-normality.
(2) As to the meromorphic case, in the situation of Theorem 1 the order of quasi-normality can be arbitrarily large: Indeed, for given m ∈ IN, consider the functions
where z 1 , . . . , z m are distinct points in ∆. Then f
has only finitely many zeros w 1 , . . . , w ℓ , and they are independent of n. Thus if we take D := ∆ \ ℓ µ=1 ∆(w µ , δ) for small enough δ > 0, then all functions f n satisfy (1.2) for an appropriate C > 0, provided that k ≥ α(j + 1) − 1. Obviously, the (only) points of non-normality of every subsequence of {f n } n are the points z 1 , . . . , z m . So {f n } n is a quasi-normal sequence of order m.
Furthermore, at least for j ≥ 1 the condition α > 1 in Theorem 1 cannot be replaced by α ≥ 1. This is shown by the sequence of the functions f n (z) := z n − 3 n on the annulus D := {z ∈ C : 2 < |z| < 4}. Obviously,
n | n tends to ∞ locally uniformly on D whenever k > j ≥ 1, but {f n } n is not normal at any point z with |z| = 3, hence it isn't quasi-normal (and not even Q m -normal for any m).
We conjecture that the first part of Theorem 1 (concerning the quasinormality of F , but without the statement about the order of quasinormality) remains valid for j = 0 and α = 1, but we were not able to prove this in general. (For k = 1 this conjecture is true by Theorem C.) Surprisingly, it turns out that the condition
cannot hold for all functions f in a certain (infinite) family if there is some point z 0 ∈ D such that F is "not holomorphic" and "not zero-free" at z 0 , in the sense that in arbitrary small neighborhoods of z 0 all but finitely many functions in F have both zeros and poles. More precisely we have the following result.
Theorem 2 Let α ≥ 1 be a real number. Let {f n } n be a sequence of meromorphic functions in a domain D and let some z 0 ∈ D be given. Assume that there exist sequences {z n } n and {p n } n in D such that lim n→∞ z n = lim n→∞ p n = z 0 and f n (z n ) = 0, f n (p n ) = ∞ for all n. Then
From this observation and Gu's normality criterion (Lemma 5) we easily obtain the following result.
Corollary 3 Let α ≥ 1 and C > 0 be real numbers. Let {f n } n be a sequence of meromorphic functions in a domain D satisfying
If there exists a sequence {p n } n in D such that lim n→∞ p n = z 0 and f n (p n ) = ∞ for all n, then F is normal at z 0 .
Some Lemmas
The most essential tool in our proofs is a famous rescaling lemma which was originally proved by L. Zalcman [14] and later extended by X.-C. Pang [10, 11] and by H. Chen and Y. Gu [1] . Here we require the following version from [12] (see also [4] for a proof of the direction "⇐").
Lemma 4 (Zalcman-Pang Lemma) Let F be a family of meromorphic functions in a domain D all of whose zeros have multiplicity at least m and all of whose poles have multiplicity at least p and let −p < β < m. Then F is not normal at some z 0 ∈ D if and only if there exist sequences {f n } n ⊆ F , {z n } n ⊆ D and {̺ n } n ⊆ (0, 1) such that {̺ n } n tends to 0, {z n } n tends to z 0 and such that the sequence {g n } n defined by
converges locally uniformly in C (with respect to the spherical metric) to a non-constant function g meromorphic in C.
Furthermore, we need the following famous normality criterion due to Y. Gu [7] .
Lemma 5 Let k ≥ 1 be an integer. Then the family of all functions f meromorphic in a domain D ⊆ C satisfying f (z) = 0, f (k) (z) = 1 for every z ∈ D is normal.
Lemma 6 For every integer k ≥ 0 the family P k of polynomials of degree at most k is quasi-normal of exact order k in every domain in C.
Proof. This is a special case of Theorem A.5 in [13] which states that any family of holomorphic functions in a domain D which do not take a value a ∈ C more than p times nor a value b ∈ C more than q times is quasi-normal of order at most min {p, q}. That the order of quasi-normality of P k cannot be less than k follows by considering the sequence {n · p} n where p(z) := (z − z 1 ) · . . . · (z − z k ) with arbitrarily chosen distinct points z 1 , . . . , z k ∈ D.
Proofs
Proof of Theorem 1. I. We start with the proof of the holomorphic case, i.e. we show that a family F of holomorphic functions in some domain D satisfying (1.2) is quasi-normal of order at most j − 1.
(a) For j = 0 this is true by Theorem B. (In fact, in this case we have normality for any k ≥ 1.)
Now we consider the case j = 1 (which turns out to require the main efforts of the proof of the holomorphic case). Here we have k ≥ 2.
We assume that F is not normal at some z 0 ∈ D. Then we choose some β > 0 such that (β + 1) · α − (β + k) > 0 and find by the Zalcman-Pang lemma (Lemma 4) sequences {f n } n ⊆ F , {z n } n ⊆ D and {̺ n } n ⊆ (0, 1) such that {̺ n } n tends to 0, {z n } n tends to z 0 and such that the sequence {g n } n defined by n (z n + ̺ n ζ) =⇒ 0 (n → ∞).
We fix some ζ 0 ∈ C. Then for n large enough we have
Here, the condition (β + 1) · α − (β + k) > 0 ensures that the right hand side tends to 0 for n → ∞, contradicting (1.2). Hence F is normal if j = 1 and all functions in F are holomorphic.
